We discuss the Cardy limit of 3d supersymmetric partition functions which allow the factorization into the hemisphere indices: the generalized superconformal index, the refined topologically twisted index and the squashed sphere partition function. In the Cardy limit, the hemisphere index can be evaluated by the saddle point approximation where there exists a dominant saddle point contribution, which we call the Cardy block. The Cardy block turns out to be a simple but powerful object as it is a building block of other partition functions in the Cardy limit. The factorization to the Cardy block allows us to find universal relations among the partition functions, which we formulate as index theorems. Furthermore, if we consider a holographic 3d SCFT and its large N limit, those partition functions relate to various entropic quantities of the dual gravity theory in AdS 4 . As a result, our result provides the microscopic derivation of the universal relations among those entropic quantities of the gravity theory. We also discuss explicit examples, which confirm our general index theorems.
Introduction
Last few years, the localization has played an important role in understanding supersymmetric theories on compact manifolds. Thanks to this technique, one can compute various exact BPS observables such as partition functions and Wilson loops, which turn out very useful to test the non-perturbative phenomena in strongly coupled systems.
One of those observables is the holomorphic block, which can be defined as a partition function on D 2 × S 1 in 3d [1] and as that on D 2 × S 2 in 4d [2] . The holomorphic block is of particular interest because it is a basic building block of various other supersymmetric partition functions. A partition function defined on a circle fibered, either trivially or non-trivially, over a sphere is written in terms of holomorphic blocks as follows:
where the fusion rule || · · · || 2 depends on the manifold M. α specifies the boundary condition defining the holomorphic block, and one can obtain a new supersymmetric partition function Z M by summing the square of the holomorphic block over those boundary conditions. The holomorphic block also relates to the open topological string amplitude and the vortex partition function on Ω-deformed R 2 × S 1 [1, [3] [4] [5] . The holomorphic block appears in various contexts such as the AGT-like correspondence [6] and supersymmetric dualities. See, e.g., [7, 8] and [1, 4, [9] [10] [11] [12] .
While the holomorphic block turns out to be a useful quantity in various contexts, its matrix integral expression needs some care as one should specify the integration contour depending on the boundary condition α. See [1] for explicit examples. On the other hand, if one is interested in the Cardy limit, which is usually called the semi-classical limit, of the blocks and especially the dominant contribution, one may perform a saddle point approximation of the integral and pay particular attention only to the leading saddle point. In this way, one can circumvent the explicit determination of the integration contour and can extract the dominant contribution in the Cardy limit. In this paper, we give a particular name for such dominant contribution, Cardy block, as it plays an important role in our discussion.
Such Cardy block has been somehow overlooked due to its simplicity. However, recently it was found that the 3d Cardy block is indeed extremely useful, especially for the microstate counting of AdS 4 black holes. The counting of black hole microstates is one of the most interesting problems in quantum gravity. Since the seminal work by Strominger and Vafa [13] , there have been various attempts and notable success such as the microstate counting of static dyonic black holes 1 and, rather recently, that of rotating electric black holes in d > 3 dimensions [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . The former is achieved by the large N computation of the topologically twisted index of the dual field theory while the latter relates to the large N limit of the superconformal index. That of the 3d superconformal index, in particular, becomes more challenging due to the existence of supersymmetric monopole operators. The localization saddles of the superconformal index include infinite monopole configurations, whose individual contribution has to be summed to obtain the exact superconformal index. This problem can be rephrased in a slightly different way using the holomorphic block. According to (1.1), the superconformal index can be also written in terms of the holomorphic blocks where the Cardy block gives the dominant contribution. Furthermore, the Cardy block itself can be independently computed using the localization, which provides another way to compute the superconformal index in the Cardy limit. In that case, the infinite monopole summation is already encoded in the Cardy block. Indeed, it was shown in [21] that the large N limit of the Cardy block, more precisely its square, successfully reproduces the known entropy function of the rotating BPS black hole in AdS 4 × S 7 [34] using the ABJM theory and the mirror dual of the maximal SYM theory [35, 36] . The Legendre transformation of such entropy function yields the Bekenstein-Hawking entropy of the dual black hole with the large angular momentum.
Inspired by this, in this paper, we extend this analysis to more general theories and partition functions. We will consider the Cardy limit of the hemisphere index and various other partition functions allowing the factorization into the holomorphic blocks: the generalized superconformal index, the refined topologically twisted index and the squashed sphere partition function. Especially in the Cardy limit, the free energies of those partition functions are written in terms of the Cardy block C in a much simpler manner than (1.1):
which only refer to the dominant saddle. We may call those formulae Cardy factorizations. We should mention that the Cardy factorization of the topologically twisted index happens only in special circumstances such as the large N limit. See section 2 for more detailed discussions including the notation. Also note that our analysis will be applied on generic 3d N = 2 supersymmetric theories having UV Lagrangian description.
Surprisingly, the Cardy factorization allows us to find various universal relations among those partition functions in the Cardy limit, some of which, in particular, are phrased as index theorems in section 3. For example, we formulate an index theorem relating the generalized superconformal index and the squashed sphere partition function: where ∆ denotes flavor chemical potentials while n denotes flavor magnetic flux collectively. The free energy of each partition function is defined by F M = − log Z M . For the superconformal index, β is the chemical potential for the angular momentum on S 2 , with a shift by the R-charge due to the supersymmetry condition, while, for the squashed sphere partition function, it is related to the squashing parameter b of the sphere by β = πib 2 . In our Cardy limit, β is taken to zero: β → 0 + . In addition to the Cardy limit, the large N limit of 3d superconformal field theories is of particular interest because a large class of 3d SCFTs are known to have holographic dual gravity theories in AdS 4 in the large N limit. Accordingly, if we further assume large N , we find another index theorem relating the superconformal index and the topologically -3 -twisted index to the round sphere partition function:
which rely on the large N relation between the squashed and round sphere partition functions found in [37] :
where Q = b + 1/b and δ parametrizes trial R-charges. While our derivation of (1.4) is valid up to O(β), there is strong evidence that it is indeed exact even for finite β in the large N limit, at least for the known large N saddle point capturing the dual black hole microstates. Especially, those indices in the large N limit statistically account for the microstates of rotating dyonic BPS black holes in AdS 4 . The superconformal index should have the vanishing magnetic flux for the R-symmetry while the topologically twisted index has the non-zero R-symmetry flux, which leads to a particular asymptotically locally AdS 4 spacetime, dubbed mAdS 4 [38] , on the dual gravity side. We expect that those indices give entropy functions of dual black holes for arbitrary β, which is confirmed for some examples in section 4 and 5. In addition, the squashed sphere partition function relates to the supersymmetric Rényi entropy [39] , which accounts for the Bekenstein-Hawking entropy of a charged topological black hole in AdS 4 [40, 41] . Also note that the right hand side is written in terms of the round sphere partition function, which, with the superconformal Rcharge, is identified with the entanglement entropy for a spherical entangling surface [42, 43] . By the AdS/CFT dictionary, it corresponds to the Euclidean on-shell action in AdS 4 [44] .
In that regard, our index theorem shows that various entropic quantities in dual AdS are not independent and indeed mutually related. While we provide a field theoretic derivation of such relations, interestingly, similar relations are discussed in the gravity context recently [45] , using the gravitational blocks, which are supposed to dual to our Cardy blocks in the large N limit.
In particular, if we turn off all the magnetic flux for the flavor symmetry for the generalized superconformal index, it reduces to the ordinary superconformal index, which satisfies
where Re[. . . ] should be understood with the conjugation defined by (2.36). If we further turn off the flavor chemical potentials while restore the superconformal R-charge, the right hand side is simply written as
where ∆ R = πi + β is the chemical potential for the superconformal R-symmetry and F S 3 (δ * ) is the round sphere free energy at the superconformal R-charge, which is determined by the F -maximization [46] . This is reminiscent of the Cardy formula for 2d CFTs [47] or 4d N = 1 SCFTs [29] in the large N limit, where the real part of the round sphere free energy, Re [F S 3 (δ * )], plays the role of central charges in 2d and in 4d. Recently the same formula has been obtained both on the gravity side and on the field theory side for a particular class of theories called class R, which is obtained from M5-branes wrapped on hyperbolic 3-manifolds, using the 3d-3d correspondence [48, 49] . Our result validates this formula for generic 3d N = 2 SCFTs with UV Lagrangian. Lastly, one can also find interesting relations from the leading term of the right hand side of (1.4). If we expand the right hand side with respect to β and take the leading term, we find
(1.8) Especially, the strict Cardy limit of the topologically twisted index is essentially the unrefined limit of the index, which accounts for the static dyonic BPS black holes in AdS 4 . Indeed, the second relation is a rederivation of the index theorem for the topologically twisted index, and therefore the entropy function of static black holes, discovered by Hosseini and Zaffaroni [15] .
The paper is organized as follows. In section 2 we first review the localization results of 3d N = 2 supersymmetric partition functions and examine their Cardy limits, especially focusing on their factorization properties. In section 3, we derive universal relations among the partition functions by combining the results of section 2. In particular, we formulate two index theorems: one relating the generalized superconformal index and the squashed sphere partition function in the Cardy limit and the other relating the generalized superconformal index, the refined topologically twisted index and the round sphere partition function in the large N limit. In section 4, we address the N = 4 U (N ) SYM with one fundamental and one adjoint matters as an explicit example. We demonstrate how to obtain four different partition functions in the large N limit using the factorization. Lastly, in section 5, we provide more examples of 3d N ≥ 2 SCFTs. We discuss the large N Cardy limit of the generalized superconformal indices for those examples. We also examine the finite N Cardy formulae for some examples, which provide nontrivial tests for known supersymmetric dualities.
-5 -In this section, we first review the localization results of 3d N = 2 supersymmetric partition functions and examine their Cardy limits, especially focusing on their factorization properties. Since the partition functions are 1-loop exact in the context of the supersymmetric localization, the results are given by finite dimensional matrix integrals whose integrands consist of the classical action contributions as well as the 1-loop determinants. Also the factorization of 3d partition functions have been extensively discussed in the literature; e.g., see [1-5, 10-12, 50, 51] . Here we revisit them in our notation, which is chosen to be convenient for our Cardy limit analysis. In particular, we start with the hemisphere index on D 2 × S 1 defined in [52] , which is closely related to the holomorphic block discussed in [1] and is a building block of the other supersymmetric partition functions that will be discussed in the subsequent subsections. We then move on to those partition functions on a circle fibered over a sphere, which are known to be factorized, and examine their Cardy limits.
The Hemisphere Index
The first example we discuss is the hemisphere index on D 2 × S 1 [52] , which is defined by
where D is the translation generator along S 1 ; R is the N = 2 U (1) R-charge; J 3 is the angular momentum; and F l 's are the Cartan charges of the flavor symmetry. The trace is taken over the Hilbert space on D 2 with the boundary condition α. As usual, this index counts the BPS states saturating D − R − J 3 ≥ 0 and is thus independent of β 1 unless there is a flat direction appearing while β 1 changes. While the hemisphere index itself does not have a factorized structure mentioned in the introduction, it plays a role of a building block of the other partition functions we will consider. F , a fermion number, is typically chosen to be F = 2J 3 . On the other hand, to define an index, one can also use other choices of F ; one useful alternative, especially for the factorization, is F = R. Recall that, for 3d N = 2 supersymmetric theories, the IR superconformal R-charge is determined by the F -maximization [46] . However, to define an index, one can use a trial, or UV, value of the R-charge, from which the IR superconformal value can be achieved as a mixture of the UV R-charge and various U (1) flavor charges. For convenience, we take the integer quantized UV R-charge and use it to define the index. For the integer quantized R-charge, (−1) F is merely a sign while it would be a nontrivial phase otherwise. In fact, the integer R-charge will be eventually required for the comparison with the topologically twisted index, which demands the integer R-charge due to twisting. This choice of F will make the comparison between the hemisphere index and other partition functions, especially the squashed sphere partition function, more clear as noted in [1] .
From the definition of the index, one can see that those two choices are related by the shift of β 1 , β 2 :
which yields extra sign (−1) R+2J 3 . Note that if R is even integer quantized, the two choices are identical. Using this shift, one can easily obtain the formula for F = R from the localization result for F = 2J 3 in [52] . Setting β 2 = β + πi, the hemisphere index with F = R is given by 
where ∆ is the set of non-zero roots of the gauge group; R N/D are the representations of the chiral multiplets with the Neumann/Dirichlet boundary conditions respectively, with gauge weight ρ and global weight σ, which includes U (1) R charge r σ . Here we use the shorthand expression (a; x 2 ) for q-Pochhammer symbol (a; x 2 ) ∞ :
Due to our choice F = R, there are extra e −πirσ in contrast to the result of [52] .
Note that the exponential factor in each determinant spoils the invariance of the determinant under the large gauge transformation. Such exponential factors are remnant of the gauge non-invariant regularization, which should disappear if one regularizes the determinant in a gauge invariant way with the appropriate definitions of the UV Chern-Simons levels understood. However, we here stick to the above definition of the determinants for easy comparisons with the earlier literature. Indeed, the exponential factors should be completely canceled out once the boundary matter contributions are taken into account. Thus, the entire integrand is again invariant under the large gauge transformation. Nevertheless, since each determinant is not invariant under the large gauge transformation, we have to fix the ambiguity; namely, we take the above definition for the arguments in chambers −2π < ±Im(α(u)), ±Im(ρ(u)+σ(v)−πir σ ) < 0. If we don't specify the chamber explicitly, we take the upper plus sign of ±.
The exponential factor in each determinant makes an effective shift of Chern-Simons levels. The effective Chern-Simons terms, dictated by such exponential factors as well as the classical action contribution, yield anomalies at the boundary, which should be canceled by extra boundary degrees of freedom, at least up to a u-independent constant. The 1-loop determinants of the boundary matters are
where θ a; x 2 is defined by
The 3d determinants and 2d determinants satisfy
once we assign the same representation and the R-charge. Note that those 2d degrees of freedom are engineered so that the net exponential factor of the integrand is completely canceled.
In the Cardy limit, i.e., β → 0 + while the other variables kept finite, the 3d determinants are given by
On the other hand, the 2d determinants become
for each pair of (α, −α) and for each ρ ⊗ σ. While those do not vanish in the Cardy limit, we will see that their role is rather minimal when we construct other 3d partition functions upon the hemisphere index. Since Z N chiral and Z D chiral are related by Z 2d chiral/Fermi , also their distinction will not be very significant in such situations. Thus, we mostly call them Z chiral unless their distinction is necessary.
Note that, in each determinant, β always appears in a combination with v: σ(v) − πir σ − β(r σ − 1) except β −1 in front. From now on, for convenience, let us distinguish β in a combination with v and β in front by denoting the former byβ. And we also introduce t = (t, −xe −πi ), on which σ act as follows:
In this way, the explicit β-dependence of the above determinants is only β −1 in front. At the end, we should restoreβ to β. Also note that although we have set r σ to be the UV integer value, one can obtain the index with the non-integer R-charge, such as the IR superconformal one, by shifting the flavor chemical potentials v by v → v −(β +πi)δ.
Then the deformed value of the R-charge is r σ + σ(δ).
In the small β limit, one can evaluate the integral (2.3) using the saddle point approximation as follows: 19) where N is the gauge group rank. Our effective potential is defined by
where the summation is taken over the collection of the above determinants. The βdependence of W is hidden in t asβ, which will be taken back to be β at the end. * denotes the value at each saddle point, which is a solution to the equation
As long as there is a saddle satisfying Re(W * /β) < 0, the index exponentially grows in the Cardy limit. In such cases, there is a dominant saddle such that
where C is the contribution at the dominant saddle, which we call the Cardy block. Thus, the free energy, F D 2 = − log I D 2 , is written as
where G (0) = 1 2 W * is the dominant saddle value of the effective potential while the other saddle point contributions are suppressed exponentially. G (1) is the collection of the remaining contributions at the dominant saddle, e,g,. that of the Hessian. One should remember that t includesβ = β in such way that t σ = t σxrσ−1 e −πirσ .
The Generalized Superconformal Index
Our next example is the generalized superconformal index [53] [54] [55] , which is defined by
where the BPS condition D − R − J 3 = 0 is understood. n denotes the external magnetic flux for the flavor symmetry collectively. Again, while a typical choice of F is F = 2J 3 , our choice here is F = R. Those two are related by shift of β: β → β − πi. Also R will be taken to be integer quantized. The superconformal R can be restored by shifting M l . One can evaluate such superconformal index using the supersymmetric localization. The localization result for F = J 3 was obtained in [56, 57] . Similarly, the superconformal index with F = R is written as
(2.25) m runs over the GNO charges including the Weyl equivalent ones. Thus, the symmetry factor is just the order of the Weyl group of the gauge group G. The 1-loop determinants of the vector multiplet and the chiral multiplet are 
where U (1) A,B are either gauge or global U (1). Each pair of z = e ia and m denote the holonomy and the magnetic flux for the corresponding symmetry, either gauge or global.
One can massage the 1-loop determinants to be written in terms of formal holomorphic and anti-holomorphic variables. Using the identity [58] −zx −1
where we have defined that
When a, b and β are real, the barred variables are the complex conjugates of the unbarred variables. On the other hand, if we relax such reality conditions, the barred variables should be understood as the formal conjugates defined by the following map:
and similarly for b and n. This formal conjugate will be understood throughout the paper. Note that each 1-loop determinant is completely factorized into a holomorphic piece and an anti-holomorphic piece:
where Z vector and Z chiral are defined by
Here Z is defined such that any imaginary coefficient flips its sign. Also the following definition of (a; x 2 ) for |x| = 1 is understood:
While we have introduced the exponential factor e
to be matched with the hemisphere determinant, it is irrelevant because it is canceled by the same factor of Z chiral (z,t; −β). Their Cardy limits are given by
We should comment that there is another way of factorizing the 1-loop determinant of the chiral multiplet:
which can be obtained by replacing m by −m in the identity (2.31). The Cardy limit is given by
One should note that the holomorphic part of the first factorization (2.38) is identified with the determinant on D 2 × S 1 with the Neumann boundary condition (2.7) while the holomorphic part of the second factorization (2.41) is identified with the determinant on D 2 × S 1 with the Dirichlet boundary condition (2.8). As we have seen in the previous subsection, they differ by the determinant of a boundary chiral multiplet, or equivalently a boundary Fermi multiplet. Recall that the 2d determinants in the Cardy limit are given by (2.17) :
They simply vanish when we glue two copies of them following the fusion rule (2.37). Thus, we need not to worry about the boundary matters when we factorize the superconformal index into two copies of the hemisphere indices in the Cardy limit; and also the distinction between the two boundary conditions, i.e., how we factorize the determinants, is not significant.
Lastly, let us examine the Chern-Simons terms. In terms of the holomorphic variables, they are written as follows:
where the definition of u is given in (2.35) . Thus, the classical action contribution is also factorized in the same way:
where Z classical (z, t; β) consists of two types of contributions:
for a level k Chern-Simons term and
for a mixed Chern-Simons term between U (1) A × U (1) B , which are exactly what appears in the hemisphere index.
Combining those Cardy limits of the 1-loop determinants and the classical action contributions, the entire superconformal index is completely factorized into the holomorphic integral and the anti-holomorphic integral. In particular, the superconformal index has the holonomy integration as well as the magnetic flux sum where the latter is replaced by another integration in the Cardy limit [21, 59] . Combined with the original holonomy integration, it gives rise to
up to O(β). If we consider a U (N ) theory for simplicity, the Cardy limit of the superconformal index is given by
with each component described above. As seen in the previous subsection, there is no explicit β-dependence in W as long as we use t = (t, −xe −πi ), on which the global weight σ acts such that t σ = t σxrσ−1 e −πirσ . According to the rule (2.36),t is defined bȳ
(2.52)
In the Cardy limit, the superconformal index can be also evaluated by the saddle point approximation. One should note that the holomorphic part of (2.50) is nothing but the hemisphere index in the Cardy limit:
while the anti-holomorphic part is given by its conjugate defined by (2.36). Naively the holomorphic variable and anti-holomorphic variable may solve the saddle point equations independently as they are formal conjugate variables rather than complex conjugate. However, regardingβ as an independent variable, ifβ is pure imaginary, such conjugate variables are truly complex conjugate because they are related byβ ↔ −β. In that case, the two saddle point equations are essentially the same; and there is no reason to solve the equations independently because it is basically the saddle point approximation of a real function on the real axis. Ifβ is slightly away from the imaginary axis, however,β → −β is not compatible with the complex conjugate anymore, in which case, the two saddle point equations should be solved independently. Nevertheless, if we assume a smooth transition when β moves away from the imaginary axis, the saddle point should be determined such that z andz at a saddle should become complex conjugate to each other asβ approaches the imaginary axis; i.e., there is a natural one-to-one map between the holomorphic saddles and the anti-holomorphic saddles, and only the pairs of saddles related by this map contributes to the index. Thus, the saddle points are determined by the same equation for the hemisphere index, and each saddle point contribution is that for the hemisphere index times its conjugate.
While we have assumed a smooth transition whenβ moves aways from the imaginary axis, it would be worth studying the behavior of those saddles more rigorously. Nevertheless, in spite of such a subtlety in dealing with the two complex saddle point equations, it is not very significant at the end as long as the index exponentially grows in the Cardy limit. Recall that the free energy for the hemisphere index is determined by the contribution of the dominant saddle because the contributions of the other saddles are exponentially suppressed. As the same thing happens for the superconformal index, we find a simple relation between their free energies: 54) or in terms of the Cardy block in (2.23),
where only the dominant saddle plays the role. While the formula is written for a U (N ) theory for simplicity, the generalization is straightforward.
The Refined Topologically Twisted Index
One can also define an index for a topologically twisted theory on a circle fibered over a Riemann surface of genus g [60] [61] [62] [63] [64] . If g = 0, i.e., if the Riemann surface is a sphere, one can refine the index by turning on the angular momentum fugacity. In that case, the index is defined by
where the trace is taken over the Hilbert space on S 2 in the presence of the R-symmetry flux n R = −1. Again n denotes the external magnetic flux for the flavor symmetry. Using the supersymmetric localization, we have
where the integration contour is determined by the rule of the Jeffrey-Kirwan residue [60] . The 1-loop determinants of the vector multiplet and the chiral multiplet are given by
The twist by the (non-superconformal) R-symmetry demands that the R-charge of a matter should be an integer. Again please note extra e −πirσ due to our choice F = R. The classical action contributions are given by
for a canonical Chern-Simons term with level k and
for a mixed Chern-Simons term between U (1) A × U (1) B , each of which is either gauge or global U (1). Again each pair of z = e ia and m denote the holonomy and the magnetic flux for the corresponding symmetry.
One can manipulate the determinants in a similar way to the superconformal index:
which lead to the following factorization
where Z vector and Z chiral are defined exactly in the same way as the hemisphere determinants:
The Cardy limits of those are given in (2.16). In the Cardy limit, the boundary matters are irrelevant for the factorization of the topologically twisted index, due to the same reason as the superconformal index.
Next, the classical action contribution is factorized into
for a mixed Chern-Simons term between U (1)
Like the superconformal index, the entire topologically twisted index is completely factorized into the holomorphic integral and the anti-holomorphic integral given that the magnetic flux sum is replaced by an integration in the Cardy limit:
is defined such that t σ = t σxrσ−1 e −πirσ as before, andt = (t, −xe πi ). While this form of the topologically twisted index and that of the superconformal index are very much alike, there is a crucial difference that the the topologically twisted index does not grow in the small β limit because β −1 terms should be canceled out at the end. This is anticipated because the strict Cardy limit is basically the unrefined limit of the topologically twisted index, which is O(1). Thus, if one does the saddle point approximation, every saddle democratically contributes to the index, which ends up with the BAE formula for the unrefined index [60] . Nevertheless, if there happens to be only one saddle or if there is a dominant saddle due to other large parameters such as large N , one can write down the free energy in a simple manner as before:
where t = t e βn ,t = t −1 e βn , and C is the Cardy block in (2.23). Furthermore, although the strict Cardy limit is the unrefined limit of the topologically twisted index, (2.74) will suggest a conjecture for finite β in the large N limit. We will discuss it with explicit examples in section 4 and 5.
The Squashed Sphere Partition Function
Lastly, we consider the supersymmetric partition function on the squashed sphere S 3 b . Again using the supersymmetric localization, it is given by [65] [66] [67] 
The 1-loop determinants of the vector multiplet and the chiral multiplet are
for Im(b 2 ) = 0, which leads to the following factorization of the determinants:
For the sphere partition function the limit of our interest is the highly squashed limit of the sphere. More precisely, we take the limit b 2 → i0 + with fixed u = −2πbû and v = −2πbv. We will compare this limit with the Cardy limits of the other partition functions we have discussed. An interesting thing is that in this limit, unlike the other partition functions, the holomorphic part and the anti-holomorphic part do not contribute democratically. Indeed, even though the squashed sphere partition function has the factorized structure as in (2.80), what corresponds to the hemisphere index in the Cardy limit is the entire squashed partition function rather than its holomorphic part. To see this, let us first take the highly squashed limit of each component in (2.80) :
87)
provided that the argument sits in a chamber: −2π < Im(ρ(u) + σ(v) − πir σ ) < 0. As mentioned above, the holomorphic part and the anti-holomorphic part do not contribute democratically. Indeed, the holomorphic and anti-holomorphic parts combined give rise to
, which are the same as the hemisphere determinants up to constant terms. Indeed, such constant terms are just a phase or remnants of the 2d boundary matter contributions, which however do not affect the factorization of the superconformal index and of the topologically twisted index. Thus, one can ignore such constant terms.
Next, the classical action contribution Z Therefore, the sphere partition function in the highly squashed limit is given in the following form:
As before, we have used the variable t = (t, −e −πi−πib 2 ), which is defined such that t σ = t σ e −πirσ−πib 2 (rσ−1) . In terms of the hemisphere index, the highly squashed sphere partition function is given by
(2.96) with ∆ = −2πbv, β = πib 2 and the Cardy block C in (2.23).
The Universal Formula
In this section, we discuss the universal relations in the Cardy limit among the partition functions we have discussed in the previous section. So far we have seen that those quantities can be solely written in terms of the Cardy block. We examine this relation more carefully and propose general index theorems for those quantities in the Cardy limit. In particular, such index theorems will prove very useful when we consider the large N limit of those quantities, which relates to the entropic quantities of the dual gravity.
In the previous section, we have already found how the hemisphere index, or the Cardy block, relates to the other three partition functions. See (2.55), (2.75) and (2.96). Since the topologically twisted index needs more care, let us first focus on the generalized superconformal index and the squashed sphere partition function:
up to irrelevant numerical constants. t = t e βn andt = t −1 e βn are understood for the superconformal index while ∆ = −2πbv and β = πib 2 are understood for the squashed sphere partition function. Combining those, we find our first index theorem:
One may recall that we have taken integer r σ . This is necessary condition for the topologically twisted index while it is not for the other partition functions. Even for the other partition functions, however, the R-charges are not completely arbitrary and are restricted by the superpotential of the theory. Indeed, such restricted R-charges can be parametrized by the flavor chemical potentials. Namely, one can obtain any allowed R-charges, which are generically non-integer values, by shifting the flavor chemical potentials by
Then, the R-charge is deformed from r σ to r σ + σ(δ). From now on, this deformed R-charge is understood except the topologically twisted index.
One can also expand the right hand side with respect to β.
t has a different definition for each partition function, but most generally it is defined by
where the R-charge deformation is taken into account. For later convenience, we include e −πiδ in the definition of t from now on. The small β expansion of − log C(t; β) is thus given by
Here, the third term can be expanded as
where we have used dβ dβ = 1. Using this expansion, we have the following expressions for − log C and − log C:
In addition, we have used a shorthand expression
where σ acts on −e πi as e −πirσ . n is nontrivial for the superconformal index while it is set to be zero for the hemisphere index and the squashed sphere partition function. Combining all those expansions, in the end, we find that On the other hand, for the topologically twisted index, we have seen that the Cardy limit is not completely determined by a dominant saddle. Nevertheless, it is worth mentioning the case that there is only one saddle or there is a dominant saddle due to other large parameters. In such situations, the topologically twisted index is written in terms of the Cardy block as
The expansion of the second term is given by (3.8) with δ = 0 while the third term is expanded as follows:
wheret = (t, −xe πi ). Combining the two contributions, therefore, we find 15) which is only valid if there is only one saddle or if there is a dominant saddle due to other large parameters such as large N , which we discuss shortly. Also note that
in such cases.
The Large N Limit
So far we have seen that the Cardy limits discussed in the previous section are determined by two functions G (0,1) (t). See (3.8), (3.11), (3.12) and (3.15 ). On the other hand, we will see that, in the large N limit, only G (0) plays the crucial role. Before jumping into the large N limit, let us recall that a large class of 3d supersymmetric gauge theories are known to have their gravity dual on AdS 4 . In the large N limit, for example, the superconformal and topologically twisted indices are supposed to count the microstates of the corresponding dual black holes. This has been confirmed for a wide class of theories for the topologically twisted index [14] [15] [16] [17] [18] [19] and is also recently tested for the superconformal index using the ABJM theory and its mirror dual theory [21] . Also the squashed sphere partition function relates to the supersymmetric Rényi entropy [39] , which accounts for the Bekenstein-Hawking entropy of a charged topological black hole in AdS 4 [40, 41] . Furthermore, although we have not discussed it so far, the round sphere partition function, which is a basic quantity counting the degrees of freedom in odd dimensions, relates to the Euclidean on-shell action in AdS 4 [44] as well as the holographic entanglement entropy of Ryu-Takayanagi [42, 43, 68] .
As such, many observables of a field theory directly capture the entropic quantities of its gravity dual. More surprisingly, in the large N limit, some of those different looking quantities are proven to be related to each other. For example, there is an index theorem between the topologically twisted index and the round sphere partition function [15] :
which is written in our notation. This index theorem relates two different entropic quantities of the dual gravity theory: the black hole entropy and the holographic entanglement entropy for a spherical entangling surface. Here we extend this index theorem to include the superconformal index, which is supposed to capture the entropy of the rotating black hole, and also rederive the above index theorem in our factorization context.
First, we note an interesting relation between the squashed sphere partition function and the round sphere partition function in the large N limit [37] : 18) or equivalently
The explicit field theoretic derivation of this relation is discussed in [37] , where the relation is derived for non-chiral Chern-Simons quiver gauge theories dual to M-theory on AdS 4 ×SE 7 .
On the other hand, we will see that this relation holds more generally, in particular for theories dual to massive IIA string theory as well. Note that flavor chemical potentials are turned off while the deformations of the R-charges are parametrized by δ. Putting this back into the index theorem (3.2), and (3.16), we find our second index theorem in the large N limit:
which relates two types of black hole entropies with the holographic entanglement entropy for a spherical entangling surface. Note that, for parity invariant theories, F S 3 is a real function. Furthermore although we have derived (3.20) in the Cardy limit, many examples suggest that they are exact for arbitrary β in the large N limit, at least for the known large N saddle point capturing the black hole microstates. In particular, recall that the Cardy block is given by
In the next section, we will show that G (1) is subdominant in N compared to G (0) at the large N saddle point for the M2-brane example. In the same manner, we expect that the O(β) corrections are also all subdominant at the large N saddle, which implies that our formula (3.20) is indeed exact for arbitrary β. We will come back to this point in section 4 and 5. Also note that recently similar relations are found in terms of gravitational blocks on the dual gravity side [45] , which are also inspired by the holomorphic blocks.
In particular, one can consider the ordinary superconformal index by turning off all the magnetic flux for the flavor symmetry, n = 0. In that case, we have
where Re[. . . ] should be understood with the conjugation defined by (2.36). Indeed, one can further unrefine the index by turning off the flavor chemical potentials as well. Restoring the superconformal R-charge by setting ∆ = −(πi + β)δ * ≡ −∆ R δ * , we obtain a simple formula
where ∆ R = πi + β is the chemical potential for the superconformal R-symmetry and δ * is the shift of R-charges restoring the superconformal values, which are determined by the F -maximization. This relates the unrefined superconformal index and the round sphere partition function at the superconformal point in a very simple manner, where the latter accounts for the degrees of freedom of 3d SCFTs [46] . This is reminiscent of the Cardy formula for 2d CFTs [47] or 4d N = 1 SCFTs [29] in the large N limit, where the real part of the round sphere free energy, Re [F S 3 (δ * )], plays the role of central charges in 2d and in 4d. Recently the same relation has been observed for 3d SCFTs arising from M5-branes wrapped on hyperbolic three-manifolds [48, 49] , which show N 3 degrees of freedom in the large N limit. Our result shows that this relation holds much more generally.
Again one can expand the right hand side with respect to β. First, comparing (3.18) with our formula (3.12), we obtain the following expression for the round sphere:
which implies that
where t = e ∆−πiδ . Putting this back into the general formula above, we obtain
for the three indices and
for the sphere partition functions. t is defined by t = e ∆−πiδ ; n i vanishes for the hemisphere index; δ i vanishes for the topologically twisted index; and finite bv is understood for the squashed sphere partition function.
Especially, if we only look at the leading term in each partition function,
from which one can read off various relations among those partition functions in the strict Cardy limit. For example, one can write down the superconformal index and the topologically twisted index in terms of the round sphere partition function as follows:
where the former provides a new universal formula for the large N superconformal indices of 3d N = 2 supersymmetric non-chiral Chern-Simons quiver theories dual to M-theory on AdS 4 × SE 7 while the latter reproduces the known index theorem for the unrefined topologically twisted index [15] . Indeed, the relations in (3.36), and (3.20) , hold more generally, in particular, for theories dual to massive IIA string theory. Recall that the second relation in [15] is derived not only for theories dual to M-theory but also for those dual to massive IIA string theory. Thus, by reversing the logic, combining the index theorem of [15] and our formula (3.16), which relates the topologically twisted index and the squashed sphere partition function, one can find that the relation (3.19) should hold for massive IIA duals as well as M-theory duals. Therefore, the resulting relations in (3.20) and (3.36) also hold for massive IIA duals. We will encounter such a massive type IIA example in section 5. Furthermore, the Cardy limit formula (3.2) without the large N limit is even more general as it does not have any such restrictions.
Example: N = U (N ) SYM with One Fundamental and One Adjoint Hypermultiplets
In this section, we examine the N = 4 U (N ) SYM theory with one fundamental and one adjoint hypermultiplets as an explicit example. It lives on N D2-branes and 1 D6-brane, and flows in IR to N = 8 SCFT on M2-branes. Its holographic dual is the 11d SUGRA, or M-theory, on AdS 4 × S 7 . The partition functions of this theory are already discussed in the literature. For example, the Cardy limits of the superconformal and hemisphere indices are discussed in [21] , and the (unrefined) topologically twisted index in the large N limit is discussed in [16] . Here, we reexamine those partition functions in the perspective of the Cardy factoriation, which sheds more light on their relations and the universal structure such as (3.20) or (3.36) . For simplicity, we will only consider the large N limit. The finite N superconformal index in the Cardy limit can be found in [21] .
The Hemisphere Index
We first examine the hemisphere index. Following [52] , the hemisphere index of the theory is given by
where x = e −β . s a 's denote the gauge holonomies on S 1 , which were originally denoted by z a 's in section 2. Our theory has N = 4 SUSY in UV, which is associated with SO(4) ∼ = SU (2) l × SU (2) r R-symmetry. Also, the adjoint hypermultiplet can be decomposed into two half-hypermultiplets being a doublet of SU (2) m flavor symmetry. Finally, there is a topological U (1) T symmetry coming from the conserved current of the U (N ) gauge symmetry j µ = tr( F µ ). l, r, m denote the Cartan charges of SU (2) l × SU (2) r × SU (2) m , and T is the U (1) T charge. From the N = 2 viewpoint, l + r corresponds to the SO(2) ∼ = U (1) superconformal R-charge while l − r is a flavor charge. As explained in section 2, we will take the integer quantized R-charge to define the index with (−1) R , R = 2r in this case, instead of the superconformal one. Those two merely differ by a shift of the chemical potentials. Then, the adjoint chiral multiplet in the N = 4 vector multiplet has R-charge 2, while the other chiral multiplets have vanishing R-charges. This can be achieved by successive replacing t → tx −1 and x → e −πi x for the index in [21] , which made use of the superconformal R-charge and F = 2J 3 , where J 3 is the angular momentum on D 2 . Further note thatQ = e −ξ , z = e f , t 1 2 = e T 2 are the fugacities conjugate to the integer quantized flavor charges. Lastly we have introduced 2d degrees of freedom to cancel the boundary mixed/flavor anomalies such that there is no UV mixed/flavor Chern-Simons term except the one between the diagonal gauge U (1) and the topological U (1). In particular, the θ functions in front of the integral are due to the flavor anomalies while the θ functions inside the integral are due to the mixed anomalies between the gauge and the flavor symmetries. For this particular model, one may avoid 2d degrees of freedom by turning on appropriate mixed/flavor Chern-Simons terms, as done in [21] . On the other hand, here we keep 2d degrees of freedom and assume no extra mixed/flavor Chern-Simons terms. In particular, if Q = e −ξ ≡Qt 1 2 e πi x −1 has discrete value x 2n with an integer n, the θ functions inside the integral are simplified to N a=1 θ(s aQ t
which can be regarded as the classical contribution of the Fayet-Iliopoulos action, whose coupling constant should have a quantized real value on D 2 , up to a gauge holonomy independent factor. In this regard, the above θ functions incorporate a generalized FI parameterξ = logQ, which can take any complex value. This is because, in 3d, the Fayet-Iliopoulos action can be realized as a mixed Chern-Simons action between the gauge U (1) and the topological U (1). For computational convenience, we will temporarily use the parameter ξ =ξ − T 2 − πi − β rather thanξ. At the final answer, we will convert it back toξ.
In the Cardy limit β → 0, all the other chemical potentials ξ, f, T may be taken as pure imaginary and finite [24] . We will restrict the parameter region as
After gluing two hemisphere indices to make the superconformal index, or the topologically twisted index, the resulting index at the other parameter regions can be easily generated by periodic shifts of the chemical potentials and complex conjugation of the index [21] . So, it suffices to consider the above case only to cover the whole parameter region. Then, recall that the Cardy limit β → 0 of the hemisphere index (4.1) can be evaluated by the saddle point method as
4)
with an effective twisted superpotential [21, 52] Here, we used the asymptotic formulae (A.2), (A.9). Also, we assumed that the eigenvalue distribution s a does not pass across the branch cuts, and O(β) corrections do not change the branches of the arguments. Due to the conditions (4.3),
Focusing on the gauge holonomy dependent parts of (4.5), 2πi(p 3 −p 4 ) effectively shifts the range of Im(ξ) to (2π(p 3 − p 4 − 1), 2π(p 3 − p 4 )). However, according to [21] , the known Cardy saddle point of the hemisphere index (4.1) only exists when −2π < Im(ξ) < 0. Therefore, we will set p 3 − p 4 = 0. This restricts the possible range of the argument of s a 's. The known Cardy saddle point belongs to that range. When p 3 − p 4 = 1, there is no known saddle point. Also, as the hemisphere index (4.1) is invariant under s a → e 2πi s a , due to the large gauge invariance of our QFT, we can freely tune the value of p 4 . We shall set p 3 = p 4 = p 5 ≡ p, which can be either −1 or 0. Then, W becomes
(4.8) The first and second lines become N 2 2 (T +2πi+2β) −f − T 2 when (p 1 , p 2 ) = (−1, 0), which is proportional to N 2 . This exactly cancels W 0 in [21] , which is the term proportional to N 2 of W * in the large N limit. Namely, by introducing appropriate boundary degrees of freedom, we can get rid of the term proportional to N 2 in the large N Cardy free energy, which does not come from the degrees of freedom of N M2-branes. However, one may suspect what happens in the other branches as it will not exactly cancels W 0 in those cases. First note that it does not depend on s a 's, so it does not affect the saddle point. Furthermore, as explained in [21] , this term cancels out when we glue two hemisphere indices to make the superconformal index or the topologically twisted index. Therefore, this term does not affect the resulting indices at all so that we can effectively ignore it in the hemisphere index even in the other branches.
To analytically compute W * , let us consider the large N limit. It was basically studied in [21] . Carefully following the section 4.1 of [21] , it is not hard to keep O(β) terms in W. We obtain ), according to the numerical analysis [21] . So, one may replace o(N Note that we shifted T → T + β and removed W 0 in [21] as explained before.
According to (4.4) , the following also contributes to the hemisphere index at O(β 0 ):
(4.11) Also, from [21] , one can find that the Cardy saddle point satisfies Im(s a ) = 0, Re(s a ) > 0 for our parameter region. Then, we may sort the eigenvalues in the ascending order as follows:
Assuming Im(β) < 0 as before, which is the relevant region for our microstate counting, the Hessian of W at β → 0 is given by the above Hessian becomes
15) where θ(x > 0) = 1, θ(x ≤ 0) = 0, and δ xa,0 is the Kronecker delta. Then, the Hessian determinant is given by which contributes as O(N ) to the large N Cardy free energy. Therefore, together with (4.9), the large N Cardy free energy of the hemisphere index is given by
when
Note that the log β term is correct even at finite N as explained in section 2. One can also restore the superconformal R-charge by shifting T → T − πi − β.
The Generalized Superconformal Index
In this subsection, we construct the large N Cardy limit of the generalized superconformal index from (4.18) . This index should statistically account for the microstates of the electrically charged [69] or dyonic [70] rotating BPS black holes with vanishing magnetic charge for the R-symmetry and large angular momentum J/N 3 2 = O(β −2 ) in AdS 4 × S 7 [21] . In order to preserve SUSY, the black holes should have both electric charges and angular momentum while it is free to turn off the magnetic charges for the (non-R) flavor symmetries [34, 69, 70] .
Recall that, in the Cardy limit, the generalized superconformal index is given in terms of the Cardy block (2.55) as follows:
Applying (4.18) to the above factorization formula, we obtain
where
Here, ∆ I 's are the four Cartan chemical potentials for SO(8) R-symmetry of the N = 8 SCFT in IR, and n I 's denote the magnetic fluxes for the Cartan subgroup. Then, the first constraint of (4.24) can be considered as the index-like condition implied on a partition function defined without (−1) F [21, 24] . Also, the second constraint reveals that we do not turn on magnetic flux on S 2 for the R-symmetry; i.e., there is no topological twist. The above large N Cardy free energy (4.22) statistically accounts for the microstates of dyonic rotating BPS black holes in AdS 4 × S 7 [45, 70] . In particular, turning off all the magnetic fluxes for the flavor symmetries, we get
This large N Cardy free energy of the superconformal index accounts for the microstates of electrically charged rotating BPS black holes in AdS 4 × S 7 [34] . Namely, performing the Legendre transformation of the above free energies with respect to ∆ I 's and 2β under the constraints (4.24), one obtains the Bekenstein-Hawking entropy of the corresponding BPS black holes in AdS 4 × S 7 . Further note that although we derive these large N free energies in the Cardy limit β → 0, they in fact perfectly capture the entropy of the BPS black holes even at finite β.
The Refined Topologically Twisted Index
In this subsection, we construct the large N Cardy limit of the refined topologically twisted index from (4.18) . This index should statistically account for the microstates of the magnetically charged or dyonic, static [71] [72] [73] or rotating [74] BPS black holes with the nonvanishing magnetic flux for the gauged R-symmetry in mAdS 4 ×S 7 [14] , which is a particular asymptotically locally AdS spacetime [38] . For these black holes, one can freely turn off the electric charges, angular momentum, and magnetic charges for the (non-R) flavor symmetries. The magnetic charge for the R-symmetry should be properly tuned to preserve SUSY by a topological twist. Recall that, in the Cardy limit, the refined topologically twisted index is given in terms of the Cardy block (2.75) as follows: Applying (4.18) to the above factorization formula, we obtain
which satisfy
Here, ∆ I 's are again the four Cartan chemical potentials for SO(8) R-symmetry of the N = 8 SCFT in IR, and n I 's denote the magnetic fluxes for each Cartan subgroup. The first constraint of (4.29) comes from the index-like condition for the partition function without (−1) F while the second constraint implies the topological twist by the magnetic flux for the R-symmetry on S 2 . The above large N Cardy free energy (4.27) statistically accounts for the microstates of magnetically charged or dyonic rotating BPS black holes in mAdS 4 × S 7 [45, 74] . As before, this large N free energy gives the correct entropy of the BPS black holes at arbitrary β. Also, expanding the free energy in β, one can find that it is regular at β = 0. Then, setting β = 0, we get
whose Legendre transformation in ∆ I 's yields the entropy of the magnetically charge or dyonic static BPS black holes in mAdS 4 × S 7 [14] .
The Squashed Sphere Partition Function
In this subsection, we construct the large N Cardy limit of the squashed sphere partition function from (4.18) . This partition function should be related to the round sphere partition function by (3.18) [37] . Then, the free energy of the round sphere partition function [75] is supposed to be identified with the regularized Euclidean on-shell action on AdS 4 × S 7 [76, 77] .
Recall that, in the Cardy limit, the squashed sphere partition function is given in terms of the Cardy block (2.96) as follows:
where Q = b+ 1 b ; δ µ 's are the R-charge deformations by U (1) µ flavor charges; and we turned off all the mass parameters on S 3 b for simplicity. Applying (4.18) to the above formula, we obtain
where Here, ∆ I 's parametrize trial R-charges of the theory, which are constrained as above due to the condition that the superpotential should have R-charge 2. As before, this large N free energy (4.32) is indeed exact at arbitrary b.
Using the relation between the squashed and round sphere partition function (3.18), we get the following large N limit of the round sphere partition function with arbitrary R-charges:
(4.35) which exactly agrees with [78] . In particular, setting δ T = 1 2 and δ ξ = δ f = 0, one can restore the superconformal R-charge. In that case, we find ∆ 1 = ∆ 2 = ∆ 3 = ∆ 4 = 1 2 , which indeed maximize F = − log Z S 3 (∆ I ) [46] . Then, the large N limit of the round sphere partition function at the superconformal R-charge is given by
which precisely matches the regularized Euclidean on-shell action on AdS 4 × S 7 [75] . In addition, one can easily check that our second index theorem (3.20) indeed holds for the results obtained in this section.
Other Examples
In this section, we study the Cardy limit of the superconformal index of various N ≥ 2 SCFTs applying (3.1) or (3.20) . For the definiteness, we shall only consider the SCFTs which can be obtained from the M-theory or the string theory. Before moving on to explicit examples, we first make a comment on the Hessian determinant of the hemisphere index in the large N limit. While computing the Hessian determinant in section 4, the crucial point was that the eigenvalues spread as s a ∼ e N 1/2 xa . This eigenvalue spreading is the common feature of 3d SCFTs while the precise factor N α depends on the specific model. For SCFTs with M-theory dual, α = 1 2 ; for SCFTs with massive IIA dual, α = 1 3 . As one can see in section 4, the precise factor is not important in the computation. Thus, we expect that the log of the Hessian determinant is O(N ) in general. Namely, for generic N = 2 SCFTs, we expect that
3 ) for massive IIA dual. Therefore, we expect that G (1) is negligible in the large N limit.
There are lots of examples whose round sphere partition functions [75, 76, 78, 79] or topologically twisted indices on S 2 × S 1 [16, 19, 80] are known in the large N limit. Using (3.20) , one can easily read off the large N Cardy limit of the superconformal index from the round sphere partition function. Also, in the literature, the topologically twisted index was computed via its index theorem (3.17) , which was expressed in terms of the Bethe potential V. In our notation, the Bethe potential is translated as
Since G (1) can be ignored in the large N limit, reading off V from the topologically twisted index suffices to compute the superconformal index in the large N Cardy limit by (3.1). We will illustrate such examples whose large N Cardy limit of the superconformal indices can be obtained either from the round sphere partition functions or the topologically twisted indices. Furthermore, we will also provide finite N Cardy results of the superconformal indices for a few examples, with rank less than 3 for simplicity, which are severed as nontrivial tests of known dualities of those examples.
M2-Branes Probing a CY 4-Fold Singularity
In this subsection, we consider quiver gauge theories, which describe the low energy dynamics of M2-branes probing a conical Calabi-Yau 4-fold singularity. For this class of theories, the sum of the CS levels for each gauge group vanishes, i.e. g k g = 0. Also, those theories are parity invariant so that the round sphere free energy F S 3 is real. Then, from (3.20) , the generalized superconformal index can be expressed as
Keeping the above formula in mind, we shall turn off all the magnetic fluxes for the flavor symmetries. The generalization can be easily done by the above formula. There are two relevant regimes for these theories: M-theory regime, and type IIA string theory regime.
M-Theory Regime
One can take the large N limit with fixed CS levels k ∼ O (1) . Then, the field theory is supposed to be dual to the M-theory or 11d SUGRA on AdS 4 × SE 7 where SE 7 is the Sasaki-Einstein 7-manifold serving as the base of a conical CY 4-fold. The characteristic large N behavior of the free energy in this M-theory regime is
First, the round sphere free energy at the superconformal R-charge is given by [75] 
.
Applying (3.23), the (unrefined) superconformal index in the large N Cardy limit, for the generic N ≥ 2 SCFTs describing the low energy dynamics of M2-branes, is given by
, (5.6) which precisely matches the result from the dual supergravity analysis on universal spinning black holes in AdS 4 [48] , even in the non-Cardy regime.
Example 1: ABJM theory
The most common example in this class is the ABJM k theory, which describes the low energy dynamics of N M2-branes probing C 4 /Z k singularity [35] . Its holographic dual is given by 11d SUGRA on AdS 4 ×S 7 /Z k . The round sphere free energy with generic R-charge assignment is given by [78] 
The large N Cardy free energy of the superconformal index is given by [21] 
Indeed, they satisfy our large N Cardy formula (3.20):
Note that the above large N Cardy free energy of the superconformal index, in fact, precisely captures the entropy of dual BPS black holes in AdS 4 × S 7 /Z k [34, 69, 70] , even in the non-Cardy regime.
SL(2, Z) duality When k = 1, the ABJM theory is supposed to be dual to N = 4 U (N ) SYM with one fundamental and one adjoint hypermultiplets in section 4 by the SL(2, Z) duality [35] . Indeed, in the large N Cardy limit, two free energies (4.25), (5.8) coincide. One can also test this duality in the finite N Cardy limit using (3.1). When N = 1, the Cardy free energy of the ABJM 1 theory is given by
It turns out that (5.10) is identical to the Cardy free energy of the dual theory when N = 1 [21] . One would test this duality at N > 1 by numerical analysis. Now we discuss a few more examples belonging to this class. The topologically twisted indices of those examples are examined in [16] . We examine their superconformal indices in the Cardy limit, mainly with large N but also with finite N for a few theories with rank less than 3.
Example 2: N = 4 U (N ) SYM with N f fundamental and one adjoint hypermultiplets This theory is a natural generalization of the theory we have considered in section 4. This theory describes N M2-branes probing C 2 × C 2 /Z N f singularity. Referring to the topologically twisted index in [16] , we obtain the following large N Cardy free energy of the superconformal index from (3.1):
Also, at N f = 2, we give the Cardy free energy at finite N . When N = 1, 13) and when N = 2,
at ∆ 1 = ∆ 2 = ∆ 3 = ∆ 4 = πi 2 . Note that the above free energies comes from the dominant one among several saddle points.
Example 3: N = 4 U (N ) g necklace quiver SYM with N f fundamental hypermultiplets for the g-th gauge group This theory contains g > 1 bifundamental hypermultiplets, each of which connects adjacent gauge nodes, as well as N f fundamental hypermultiplets attached to the last gauge node. The theory lives on N M2-branes probing C 2 /Z g × C 2 /Z N f singularity. The large N Cardy free energy of the superconformal index is given by
Mirror symmetry This theory at g = 2, N f = 1 is dual to the former theory at N f = 2 by the mirror symmetry [81] . Indeed, the Cardy free energies of two theories, (5.12) and (5.15 ), agree at large N limit. Also, when g = 2, N f = 1 and N = 1, Example 4: N = 3 U (N ) g necklace quiver CS matter theory with CS levels (+k, −k, 0, 0, . . . , 0) This theory lives on N M2-branes probing (C 2 × C 2 /Z g−1 )/Z k singularity. The large N Cardy free energy is given by
This theory with g gauge nodes at k = 1 is dual to the third theory with g − 1 gauge nodes at N f = 1 by the SL(2, Z) duality [82] . Indeed, the large N Cardy free energies of two theories, (5.15) and (5.17) , are identical.
Example 5: N = 3 U (N ) 2g necklace quiver CS matter theory with alternating CS levels ±k This theory describes the low energy dynamics of N M2-branes probing (C 2 /Z g ×C 2 /Z g )/Z k singularity. The large N Cardy free energy is
Type IIA String Theory Regime
One can take the large N limit with large but fixed 't Hooft couplings λ = N k 1 ∼ O(N 0 ). Then, the field theory in this 't Hooft limit is dual to type IIA string theory. The characteristic large N, λ behavior of the free energy in this type IIA string theory regime is
Our example is the ABJM k theory. In the above 't Hooft limit, the ABJM k theory is dual to type IIA SUGRA on AdS 4 × CP 3 [35] . This can be understood as the 10d reduction of the M-theory on AdS 4 × S 7 /Z k where S 7 is a U (1) bundle over CP 3 . Using (3.1), the Cardy free energy of the superconformal index in the large N, λ limit can be read off from the topologically twisted index in [80] as follows:
(5.20)
The above large N Cardy free energy perfectly captures the entropy of dual BPS black holes in AdS 4 × CP 3 [34, 80] .
D2-Branes Probing a CY 3-Fold Singularity in Massive IIA String Theory
In this subsection, we consider Chern-Simons matter gauge theories describing the low energy dynamics of D2-branes probing a conical CY 3-fold singularity in the presence of a non-vanishing quantized Romans mass, i.e. in massive IIA string theory. For this class of theories, sum of the CS levels for each gauge group does not vanish, i.e. g k g = 0. Hence, those theories are not parity invariant so that the round sphere free energy F S 3 is complex. We shall consider the large N limit with fixed CS levels k ∼ O(1). The holographic dual is given by massive IIA SUGRA on AdS 4 × M 6 where M 6 = SY 5 is the suspension of a Sasaki-Einstein 5-manifold Y 5 , which serves as the base of a conical CY 3-fold. The characteristic large N behavior of the free energy of this class is given by
where n = g k g , sum of the CS levels for each gauge node. The round sphere free energy at the superconformal R-charge is given by [79] Re[F S 3 ] = 2 1/3 3 1/6 π 3 5Vol(Y 5 ) 2/3 n where a 4d is the a-anomaly coefficient of the parent 4d SCFT, which lives on D3-branes probing the same CY 3-fold singularity. Applying (3.23), the (unrefined) superconformal index in the large N Cardy limit, for the generic N ≥ 2 SCFTs describing the low energy dynamics of D2-branes in massive IIA string theory, is given by
as expected from the dual gravity side in the non-Cardy regime [48] . For a generic N = 2 U (N ) g quiver theory with equal CS level k and bifundamental and adjoint matters, the large N Cardy free energy of the generalized superconformal index can be read off from the round sphere partition function [79] using (3.20) as follows: (5.24) Our specific example is an N = 2 CS deformation of the maximal SYM. This SCFT is dual to massive IIA SUGRA on AdS 4 ×S 6 . The large N Cardy free energy of the generalized superconformal index can be read off from the topologically twisted index [19] using (3.1) as 25) which is consistent with the above general formula. This large N Cardy free energy is supposed to account for the microstates of the dyonic rotating BPS black holes with vanishing magnetic charge for the R-symmetry in the massive IIA SUGRA background AdS 4 × S 6 .
Concluding Remarks
In this paper, we have examined the Cardy limit of 3d supersymmetric partition functions using their factorization into the Cardy block, which is defined as the dominant saddle point contribution to the hemisphere index in the Cardy limit. The Cardy block plays the role of a building block of other 3d partition functions such as the generalized superconformal index, the refined topologically twisted index and the squashed sphere partition function. The factorization to the Cardy block allows us to find universal relations among those partition functions in the Cardy limit. Furthermore, our analysis can be applied to holographic SCFTs in 3d, which are dual to AdS 4 gravity in the large N limit. In the large N limit, such universal relations extend to include the round sphere partition function, which is known to count the degrees of freedom of a SCFT in odd dimensions and is also dual to the holographic entanglement entropy in dual AdS 4 for a spherical entangling surface. In addition, the two supersymmetric indices we have examined correspond to the entropy functions of BPS black holes in AdS 4 ; the generalized superconformal index, in the presence of the magnetic flux for the flavor symmetry, captures the microstates of rotating dyonic BPS black holes in AdS 4 while the refined topologically twisted index captures the microstates of rotating dyonic BPS black holes in mAdS 4 , an asymptotically locally AdS 4 spacetime. Therefore, our analysis provides a field theoretic derivation of universal relations among the black hole entropies and the holographic entanglement entropy in AdS 4 . We have also provide explicit examples, which confirm the universal relations we have found.
We would like to remark a few interesting points and future directions.
• Black hole microstate counting in the non-Cardy regime
In section 4, we have seen that our Cardy formulae for the M2-brane theory, which are derived in the β → 0 limit, exactly account for the microstates of various BPS black holes in AdS 4 ×S 7 even at finite β. Those BPS black holes are supposed to be realized as the local large N saddle points on the dual field theory side. Indeed, there are a lot of examples showing that the Cardy formula is exact at finite β: from the pioneering work of Strominger and Vafa counting the microstates of the D1-D5-P black holes [13] to recent works counting the microstates of the electrically charged rotating BPS black holes in AdS 5 [24, 29] , AdS 7 [24, 33] , AdS 6 [32] , AdS 4 [21] . Remarkably, the resulting Cardy free energy of the index at large N perfectly captures the Bekenstein-Hawking entropy of the dual BPS black holes even in the non-Cardy regime.
Accordingly, we expect that our Cardy formulae such as (3.20) are exact in the non-Cardy regime as long as we consider the large N saddle point corresponding to the dual BPS black holes in AdS 4 . For example, let us consider the superconformal index without magnetic flux for the flavor symmetry. The form of the entropy function of generic rotating electric BPS black holes in AdS 4 can be found in [70] , which is the same as our Cardy free energy once we identify Im G (0) with the supergravity prepotential F up to some multiplicative constant factors. We expect that G (1) and all O(β) corrections are subdominant in N at the large N saddle point capturing the dual black hole microstates. Also the unrefined superconformal index leads to the Cardy formula (3.23), which is proven exact by the supergravity analysis for the universal spinning black holes in AdS 4 [48] . It is worth studying such exactness of our Cardy formulae further, both on the field theory side and on the gravity side.
• Cardy limit for finite N In section 5, we have examined the superconformal indices in the Cardy limit of some examples for finite N . In [21] , the finite N Cardy limit of the superconformal index was examined for N = 4 SYM with one fundamental and one adjoint matters both analytically and numerically. In particular, for N = 2, they obtained the exact coefficient of the free energy: which is the finite N version of the N 3 2 scaling of the M2-brane degrees of freedom. Our analysis provides similar results for more examples, and it would be interesting to find the physical interpretation of those numbers. Also our Cardy free energy is a simple but non-trivial observable of a theory. For example, its matching can be regarded as a non-trivial test of a duality for 3d SCFTs. We have illustrated such examples in section 5, where the Cardy free energy shows perfect matches under 3d mirror symmetry or SL(2, Z) duality. While our analysis is restricted for theories of rank less than 3, it would be worth studying higher rank theories.
• Twisted compactification of 5d, 6d SCFTs While our analysis relies on the localization computation of supersymmetric partition functions, and thus on the Lagrangian description of a theory, recently similar results are obtained for class R theories, which are generically non-Lagrangian theories, realized as twisted compactification of 6d (2,0) A N −1 theory on hyperbolic 3-manifolds [58, 83, 84] . The superconformal indices of those theories can be computed as topological invariants of SL(N, C) Chern-Simons theories by the 3d-3d correspondence and are shown to capture N 3 degrees of freedom of N M5-branes [48, 49] . Remarkably, they satisfy the same relation (3.23):
which we derive for 3d SCFTs with Lagrangian descriptions. Also the same relation is expected by the supergravity analysis [48] for 3d theories obtained as the twisted compactification of 5d SCFTs [85] . From those results, we may expect that our Cardy analysis for Lagrangian theories would hold for a broader class of 3d SCFTs, which will be interesting to clarify.
B n (x) (n ∈ Z):
Li n (a) + (−1) n Li n (1/a) = − (2πi) n n! B n log a 2πi − p , 2πp < Im(log a) < 2π(p + 1) & a / ∈ (0, 1) ,
x, . . . .
(A.6) Also, the polylogarithm function exhibits the following limiting behavior:
Li n (a) = a .
(A.7)
Note that there are a branch point at a = 1 and the branch cut on (1, +∞) as usual. Hence, the principal branch of the polylogarithm will be (0, 2π). Accordingly, we will set the branch cut of the logarithm function as (0, −∞), i.e. its principal branch is (−π, +π).
We also use the theta function defined as following:
θ(a; q 2 ) ≡ (a; q 2 ) ∞ (a −1 q 2 ; q 2 ) ∞ , (A.8) whose Cardy limit β → 0 is given by 
